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LOCALIZATION OF g MODULES ON THE AFFINE GRASSMANNIAN 


EDWARD FRENKEL AND DENNIS GAITSGORY 


Abstract. We consider the category of modules over the affine Kac-Moody algebra g of 
critical level with regular central character. In our previous paper 1 FH 21 we conjectured that 
this category is equivalent to the category of Hecke eigen-D-modules on the affine Grass- 
mannian G’((/-))/G'[[/,]]. This conjecture was motivated by our proposal for a local geometric 
Langlands correspondence. In this paper we prove this conjecture for the corresponding 
/ (l -equi variant categories, where 1° is the radical of the Iwahori subgroup of G((t)). Our 
result may be viewed as an affine analogue of the equivalence of categories of g-modules and 
D-modules on the flag variety G/B, due to Beilinson-Bernstein and Brylinski-Kashiwara. 


Introduction 

0.1. Let G be a simple complex algebraic group and B its Borel subgroup. Consider the 
category D (G/B) -mod of left D-modules on the flag variety G/B. The Lie algebra g of G, and 
hence its universal enveloping algebra t/(g), acts on the space T{G/B,‘J) of global sections of 
any D-module 3\ The center Z(g) of t/(g) acts on T{G/B,‘J) via the augmentation character 
Xo : Z(g) — *• C. Let g mod X0 be the category of g-modules on which Z(g) acts via the character 
Xo- Thus, we obtain a functor 

T : D (G/B) -mod —> g -mod X0 . 

In |BB| A. Beilinson and J. Bernstein proved that this functor is an equivalence of categories. 
Moreover, they generalized this equivalence to the case of twisted D-modules, for twistings that 
correspond to dominant weights A £ ()*. 

Let N be the unipotent radical of B. We can consider the TV-equivariant subcategories on 
both sides of the above equivalence. On the D-module side this is the category D (G/B) -mod w 
of IV-equivariant D-modules on G/B , and on the g-module side this is the block of the category 
0 corresponding to the central character xo- The resulting equivalence of categories, which 
follows from [BB| . and which was proved independently by J.-L. Brylinski and M. Kashiwara 
|BK| . is very important in applications to representation theory of g. 

Now let g be the affine Kac-Moody algebra, the universal central extension of the formal loop 
agebra g ((£)). Representations of g have a parameter, an invariant bilinear form on g, which is 
called the level. There is a unique inner product K C an which is normalized so that the square 
length of the maximal root of g is equal to 2. Any other inner product is equal to k = k ■ K can , 
where k £ C, and so a level corresponds to a complex number k. In particular, it makes sense 
to speak of integral levels. Representations, corresponding to the bilinear form which is equal 
to minus one half of the Killing form (for which k = —h v , minus the dual Coxeter number of g) 
are called representations of critical level. This is really the “middle point” amongst all levels 
(and not the zero level, as one might naively expect). 
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There are several analogues of the flag variety in the affine case. In this paper (except in the 
Appendix) we will consider exclusively the affine Grassmannian Gr G = G((t))/G[[t]]. 

Another possibility is to consider the affine flag scheme F1 G = G((t))/I , where 7 is the Iwa- 
hori subgroup of G((t)). Most of the results of this paper that concern the critical level have 
conjectural counterparts for the affine flag variety, but they are more difficult to formulate. In 
particular, one inevitably has to consider derived categories, whereas for the affine Grassman¬ 
nian abelian categories suffice. We refer the reader to the Introduction of our previous paper 
lFU2l for more details. 

There is a canonical line bundle H can on Gr G such that the action of g((f)) on Gr G lifts to an 
action of g Kcan on £ can . For each level k we can consider the category D(Gr G ) K -mod of right 
D-modules on Gr G twisted by L® where n = k ■ K can . (Recall that although the line bundle 
Lj®^ only makes sense when k is integral, the corresponding category of twisted D-module is 
well-defined for an arbitrary k.) Since Gr G is an ind-scheme, the definition of these categories 
requires some care (see (BD1 and urn 

Let g K -mod be the category of (discrete) modules over the affine Kac-Moody algebra of level 
k (see Sect. mi . Using the fact that the action of g((t)) on Gr G lifts to an action of g Kcan on 
Lean, we obtain that for each level n we have a naturally defined functor of global sections: 

(1) T : D(Gr G ) K -mod -> g K -mod . 

The question that we would like to address in this paper is whether this functor is an 
equivalence of categories, as in the finite-dimensional case. 

0.2. The first results in this direction were obtained in UTUlffTTH . Namely, in loc. cit. it was 
shown that if n is such that n = k • K can with k + h w ^ Q >0 , then the functor T of 0 is exact 
and faithful. (In contrast, it is known that this functor is not exact for k + h y £ Q >0 .) The 
condition k + h v £ Q >0 is analogous to the dominant weight condition of [BB| . 

Let us call k negative if k + h w ^ Q-°. In this case one can show that the functor of 0 
is fully faithful. In fact, in this case it makes more sense to consider 77-monodromic twisted 
D-modules on the enhanced affine flag scheme F1 G = G((t))/7°, rather than simply twisted 
D-modules on Gr G , and the corresponding functor T to g K -mod. The above exactness and 
fully-faithfulness assertions are still valid in this context. However, the above functor is not an 
equivalence of categories. Namely, the RHS of 0 has ’’many more” objects than the LHS. 

When k is integral, A. Beilinson has proposed a conjectural intrinsic description of the image 
of the category D(F1 G ) K -mod inside g K -mod (see Remark (ii) in the Introduction of (Bej). As 
far as we know, no such description was proposed when k is not integral. 

It is possible, however, to establish a partial result in this direction. Namely, let 7° C I be 

~ rO 

the unipotent radical of the Iwahori subgroup 7. We can consider the category D(F1 G ) K -mod 
of 7°-equivariant twisted D-modules on F1 G . The corresponding functor F of global sections 

_ tO _ 

takes values in the affine version of category 0, i.e., in the subcategory g K -mod C g K -mod, 
whose objects are g K -modules on which the action of the Lie algebra Lie(7°) C g K integrates to 
an algebraic action of the group 7°. 

One can show that the functor T induces an equivalence between an appropriately defined 
subcategory of 77-monodromic objects of D(F1 G ) K -mod and a specific block of g K -mod . 
This result, which is well-known to specialists, is not available in the published literature. For 
the sake of completeness, we sketch one of the possible proofs in the Appendix of this paper. 
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0.3. In this paper we shall concentrate on the case of the critical level, when k = We 

will see that this case is dramatically different from the cases considered above. In IFC2I 
we made a precise conjecture describing the relationship between the corresponding categories 
D(Gi'G) cr it-mod and fl c ,it -mod. We shall now review the statement of this conjecture. 

First, let us note that the image of the functor F is in a certain subcategory of g cr i t -mod, 
singled out by the condition on the action of the center. 

Let 3 0 denote the center of the category g cr ;t -mod (which is the same as the center of 
the completed enveloping algebra of g C rit)- The fact that this center is non-trivial is what 
distinguishes the critical level from all other levels. Let 3g eg denote the quotient of 3g, through 
which it acts on the vacuum module Y cr it := Ind®frJf, 0 C (C). 

Let 0 cr j t -mod r eg be the full subcategory of g cr it -mod, whose objects are g cr i t -modules on 
which the action of the center 3g factors through 3g Cg - It is known (see (FG1 ] ) that for any 
T G D(Gr G ) cr it -mod, the space of global sections r(Gr G , T) is an object of g cr i t -mod reg . (Here 
and below we write M G C if M is an object of a category C.) Thus, g cr it -mod reg is the category 
that may be viewed as an analogue of the category g -mod X0 appearing on the representation 
theory side of the Beilinson-Bernstein equivalence. 

However, the functor of global sections T : D(Gr G ) cr it -mod —► g cr it -mod reg is not full, and 
therefore cannot possibly be an equivalence. The origin of the non-fullness of T is two-fold, 
with one ingredient rather elementary, and another less so. 

First, the category g cr j t -mod reg has a large center, namely, the algebra 3 0 eg itself, while the 
center of the category D(Gr G ) cr it -mod is the group algebra of the finite group 7 Ti(G) (i.e., it 
has a basis enumerated by the connected components of Gr G ). 

Second, the category D(Gr G ) cr it -mod carries an additional symmetry, namely, an action of 
the tensor category Rep(G) of the Langlands dual group G, and this action trivializes under 
the functor T. 

In more detail, let us recall that, according to |FFI IF| . we have a canonical isomorphism 
between Spec(3 0 eg ) and the space Opg(D) of g-opers on the formal disc D (we refer the reader 
to Sect. 1 of IFG2I for the definition and a detailed review of opers). By construction, over 
the scheme Opg('D) there exists a canonical principal G-bundle, denoted by Vq 0 . Let [Pg 3 
bethe G-bundle over Spec(3g 6g ) corresponding to it under the above isomorphism. For an 
object V G Rep(G) let us denote by V 3 the associated vector bundle over Spec(3g eg ), i.e., 

Vr, = 'JV ;.3 XL 

G _ 

Consider now the category D(GrG) crit -mod G ^ 4 ^. By [MVi . this category has a canonical 
tensor structure, and as such it is equivalent to the category Rep(G) of algebraic representations 
of G; we shall denote by 

R 3V : Rep(G) -> D(Gr G ) crit -mod G[[t]1 

the corresponding functor. Moreover, we have a canonical action of D(Gr G ) cr it -mod G ^^ as a 
tensor category on D(Gr G ) cr ; t -mod by convolution functors, IF 1 —> “J * ffy. 

A. Beilinson and V. Drinfeld jBD) have proved that there are functorial isomorphisms 

r(Gr G ,T*ff v ) ~r(Gr G ,ff) ® V 3 , V G Rep(G), 

•jreg 

compatible with the tensor structure. Thus, we see that there are non-isomorphic objects of 
D(Gr G ) cr ; t -mod that go under the functor T to isomorphic objects of g cr it-mod reg . 




4 


EDWARD FRENKEL AND DENNIS GAITSGORY 


0.4. In WTV)\ we showed how to modify the category D(Grc)crit -mod, by simultaneously 
’’adding” to it 3g 6S as a center, and ’’dividing” it by the above Rep(G)-action, in order to 
obtain a category that can be equivalent to 0 cr ; t -mod reg . 

This procedure amounts to replacing D(Gr G ) cr i t -mod by the appropriate category of Hecke 
eigen-objects, denoted D(Gi'G)„i { kC3 -mod. 

By definition, an object of D(Gr G )H {{ ke3 -mod is an object T G D(Gr G ) cr it -mod, equipped 
with an action of the algebra 3 1 0 cs by endomorphisms and a system of isomorphisms 

a v : 3Wffy V 3 <g> T, V G Rep(G'), 

^ re S 

compatible with the tensor structure. 

We claim that the functor T : D(Grc)crit -mod —> 0 crit-mod re g naturally gives rise to a 
functor T Hecke 3 : D(Gr G )f r { t cke3 -mod -> flcrit -mod reg . 

This is in fact a general property. Suppose for simplicity that we have an abelian category 6 
which is acted upon by the tensor category Rep(iJ), where H is an algebraic group; we denote 
this functor by T*]/, V G Rep (H). Let C Hecke be the category whose objects are collections 
(T, {cty}y e R e p(H)), where T G C and {ay} is a compatible system of isomorphisms 

ay^WAj}®?, V G Rep (if), 

c 

where V_ is the vector space underlying V. One may think of C Hecke as the “de-equivariantized” 
category C with respect to the action of H. It carries a natural action of the group H: for 

h G H, we have h ■ (J, {a v } VeRep ( H )) = (T, {(h ® idy) o ay}y gRep ( ff) ). The category C may 

be reconstructed as the category of IL-equivariant objects of g Hecke with respect to this action, 

see IQal . 

Suppose that we have a functor G : 6 —» (T, such that we have functorial isomorphisms 

(2) G(T*R) ~ G(T) ® V, V G Rcp(H), 

c 

compatible with the tensor structure. Then, according to IAGI . there exists a functor G Hecke : 
gHecke g/ such that G ~ G Hecke o Ind, where the functor Ind : C -> C Hecke sends T to J*Oh, 
where Oh is the regular representation of H. The functor G Hecke may be explicitly described 
as follows: the isomorphisms ay and © give rise to an action of the algebra Oh on G(3 r ), and 
gHecke (J) is obtained by taking the fiber of G(T) at 1 G H. 

We take C = D(Gr G ) cr ;t -mod, 6 ' = 0 cr it -mod reg , and G = T. The only difference is that 
now we are working over the base 3 } cs , which we have to take into account. 

0.5. The conjecture suggested in fFG2| states that the resulting functor 

(3) pHecke 3 . D ( GrG )Hecke 3 _ mQd _ moc J reg . 

is an equivalence. In loc. cit. we have shown that the functor r Heck ® 3 , when extended to the 
derived category, is fully faithful. 

This conjecture has a number of interesting corollaries pertaining to the structure of the 
category of representations at the critical level: 

Let us fix a point x S Spec(30° s ), and let us choose a trivialization of the fiber of T G 3 
at x ■ Let 0 C rit -mod x be the subcategory of 0 cr it -mod, consisting of objects, on which the 
center acts according to the character corresponding to x- 




LOCALIZATION OF g-MODULES ON THE AFFINE GRASSMANNIAN 


5 


Let D(Gr G )“ -mod be the category, obtained from D(Gr G )crit -mod, by the procedure 
6 i—► C Hecke for H = G, described above. Our conjecture implies that we have an equivalence 

(4) D(Gr G )^? t cke -mod ~ 0 cr it -mod x . 

In particular, we obtain that for every two points XiX' £ Spec(3g CS ) and an isomorphism of 
G-torsors CP q ~ Vq , there exists a canonical equivalence 0 cr it -mod x ~ 0 cr it -mod x '. This 
may be viewed as an analogue of the translation principle that compares the subcategories 
0 -mod x C 0 -mod for various central characters % £ Spec(Z(g)) in the finite-dimensional case. 

By taking x = x! ■> we obtain that the group G, or, rather, its twist with respect to C Vq , 
acts on 0 cr ; t -mod x . 

As we explained in the Introduction to |FG2I . the conjectural equivalence of 0 fits into the 
general picture of local geometric Langlands correspondence. 

Namely, for a point x £ Spec( 30 CS ) — Opg(D) as above, both sides of the equivalence 0 
are natural candidates for the conjectural Langlands category associated to the trivial G-local 
system on the disc D. This category, equipped with an action of the loop group G((t)), should 
be thought of as a ’’categorification” of an irreducible unramified representation of the group 
G over a local non-archimedian field. Proving this conjecture would therefore be the first test 
of the local geometric Langlands correspondence proposed in |FG2| . 

0.6. Unfortunately, at the moment we are unable to prove the equivalence 0 in general. In 
this paper we will treat the following particular case: 

Recall that 1° denotes the unipotent radical of the Iwahori subgroup, and let us consider the 
corresponding J°-equivariant subcategories on both sides of ©. 

On the D-module side, we obtain the category D(Gr G )^.“ ke3 -mod 7 , defined in the same way 
as D(Gr G )^“ kC3 -mod, but with the requirement that the underlying D-module T be strongly 
/°-equi variant. 

On the representation side, we obtain the category g cr it-mod reg , corresponding to the con¬ 
dition that the action of Lie(/°) C g cr it integrates to an algebraic action of 1°. 

We shall prove that the functor r Hecke3 defines an equivalence of categories 

(5) D(Gr G )f r ® t cke3 -mod 7 ° -» 0 crit -mod 7 eg . 

This equivalence implies an equivalence 

( 6 ) D(Gr G )“f t cke -mod 7 ° ~ 0 crit -mod x 

for any fixed character x £ Spec( 30 6s ) and a trivialization of Vq as above. In particular, we 

v /v rO 

obtain the corollaries concerning the translation principle and the action of G on 0 cr ; t -mod x . 

We remark that from the point of view of the local geometric Langlands correspondence the 
categories appearing in the equivalence © should be viewed as ” categorifications” of the space 
of /-invariant vectors in an irreducible unramified representation of the group G over a local 
non-archimedian field (which is a module over the corresponding affine Hecke algebra). 

Let us briefly describe the strategy of the proof. Due to the fact fFG2l that the functor in 
one direction in 0 is fully-faithful at the level of the derived categories, the statement of the 

__ tO 

theorem is essentially equivalent to the fact that for every object M £ g cr it ~ m od reg there exists 

an object J £ D(Gr G )^j ( :kC3 -mod 7 and a non-zero map T Hecke3 (Gr G , T) —> M. We explain 
this in detail in Sect. 01 
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We exhibit a collection of objects M^reg, numbered by elements w £ W, where W is the 
Weyl group of g, which are quotients of Verma modules over g C rit, such that for every M £ 

r° 

g C rit -mod; we have Hom(M t0!reg , M) y 0 for at least one w £ W. 

We then show (see Theorem E3 that each such M TOireg is isomorphic to T Hecke3 (Gr^, T.J) 
for some explicit object 2r\ £ D(Gr G )^ ke3 -mod 7 , thereby proving the equivalence 0 . 

0.7. It is instructive to put our results in the context of other closely related equivalences of 
categories. 

Using the (tautological) equivalence: 

D(Gr G )-mod 7 ° ~ D(F1 G ) -mod G[[t11 

(here and below we omit the subscript k when k = 0) and the equivalence of Theorem 15.51 we 
obtain that for every negative integral level k = k ■ K can there exists an equivalence between 
D(Gr G ) -mod 7 and the regular block of the category g K -mod G ^, studied in m The latter 
category is equivalent, according to loc. cit., to the category of modules over the quantum 
group £/)) es (g), where q = exp 7 ri/(fc + h w ). 

Using these equivalences, it was shown in lAGj that the category D(Gr G ) Hecke -mod 7 , de¬ 
fined as above, is equivalent to the regular block u q (g) -modo of the category of modules over the 
small quantum group u q (o). The tensor product by the line bundle defines an equivalence 

D(Gr G ) Hecke -mod 7 ” — D(Gr G )“ -mod 7 ” 

(but this equivalence does not, of course, respect the functor of global sections). Combining 
this with the equivalence of ©, we obtain the following diagram of equivalent categories: 

(7) g cr it -mod 7 D(Gr G )£f t cke -mod 7 ^ u 9 (g)-mod 0 . 

Recall in addition that in jABBGM] it was shown that the category D(Gr G ) Hecke -mod 7 is 
equivalent to an appropriately defined category D( 57 tt y of 7°-equivariant D-modules on the 
semi-infinite flag variety (it is defined in terms of the Drinfelcl compactihcation Bun/v). Hence, 
we obtain another diagram of equivalent categories: 

(8) gcrit -mod 7 ° ^ D(Gr G )“ -mod 7 ” ^ D(Jl t ) 7 °. 

In particular, we obtain a functor 

D (Jl^) 10 ^ g crit -mod 7 , 

which is, moreover, an equivalence. Its existence had been predicted by B. Feigin and the first 
named author. 

In fact, one would like to be able to define the category D(37 tt) without imposing the I°- 
equivariance condition, and extend the equivalence of IABBGmI to this more general context. 
Together with the equivalence of 0 , this would imply the existence of the diagram 

g C rit -mod x ^ D(Gr G )^ r ? t cke -mod D(57^), 

but we are far from being able to achieve this goal at present. 

Finally, let us mention one more closely related category, namely, the derived category 
D(QCoh((G/B ) dg -mod)) of complexes of quasi-coherent sheaves over the DG-scheme 

(G/B) DG := Spec(Sym 0 . /j 5 (U 1 (G/B)[l])). 
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The above DG-scheme can be realized as the derived Cartesian product g x pt, where pt —> g 

s 

corresponds to the point Oeg, and g = {(a;, b)\x £ b C g} is Grothendieck’s alteration. 

From the results of one can obtain an equivalence of the derived categories 

D b (QCoh((G/B) DG -mod)) ~ D b (D(Gr G ) Hecke -mod) J °. 

Hence we obtain an equivalence: 

(9) D b (QCoh((G/H) CG -mod)) ~D b (fl cri t-mod x ) /0 . 

The existence of such an equivalence follows from the Main Conjecture 6.11 of [FU2l . Note 
that, unlike the other equivalences mentioned above, it does not preserve the t-structures, and 
so is inherently an equivalence of derived categories. 

0.8. Contents. Let us briefly describe how this paper is organized: 

In Sect. |2 after recalling some previous results, we state the main result of this paper, 
Theorem ll.71 In Sect.[3we review representation-theoretic corollaries of Theorem ll.71 In Sect. [3 
we show how to derive Theorem P from Theorem P and in Sect. we prove Theorem P 
Finally, in the Appendix, we prove a partial localization result at the negative level mentioned 
in Sect. 10.21 

The notation in this paper follows that of IfH 2 I . 

1. The Hecke category 

In this section we recall the main definitions and state our main result. We will rely on the 
concepts introduced in our previous paper jFG2| . 

1.1. Recollections. Let g be a simple finite-dimensional Lie algebra, and G the connected 
algebraic group of adjoint type with the Lie algebra g. We shall fix a Borel subgroup B C G. 
Let G denote the Langlands dual group of G, and by g its Lie algebra. 

Let Gr G = G((f))/G[[f]] be the affine Grassmannian associated to G. We denote by 
D(Gr G ) cr ; t -mod the category of critically twisted right D-modules on the affine Grassmannian 
and by D(Gr G ) cr ;t -mod G ^^ the corresponding G[[t]]-equivariant category. Recall that via 
the geometric Satake equivalence (see IMVI 1 the category D(Gr G ) cl . it -mod G ^^ has a natural 
structure of tensor category under convolution, and as such it is equivalent to Rep(G). We 
shall denote by V e-> J v the corresponding tensor functor Rep(G) —> D(Gr G ) cr ;t -rnod G ^^. 

We have the convolution product functors 

T G D(Gr G ) crit -mod,3V G D(Gr G ) crit -mod G[[ ‘ 1] D(Gr G ) crit -mod. 

These functors define an action of Rep(G), on the category D(Gr G ) cr j t -mod. Thus, in the 
terminology of IGaj . D(Gr G ) cr i t -mod G ^^ has the structure of category over the stack pt /G. 

Now let g cr j t be the affine Kac-Moody algebra associated to the critical inner product —/i v « c an 
and g cr it-mod the category of discrete g cr it-modules (see (FG2| 1. Its objects are g C rit-modules 
in which every vector is annihilated by the Lie subalgebra g ( 8 > i"C[[t]] for sufficiently large 
n. Let V cr it G g cr it-mod be the vacuum module Ind^^^C). Denote by 3g the topological 
commutative algebra that is the center of g cr it -mod. Let 3g es denote its ’’regular” quotient, i.e., 
the quotient modulo the annihilator of V C rit- We denote by g cr it -mod reg the full subcategory 
of gcrit-mod, consisting of objects, on which the action of the center 3g factors through 3g° s - 
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Recall that via the Feigin-Frenkel isomorphism |FFI [FI , the algebra 3g eg is identified with 
the algebra of regular functions on the scheme Opj('D) of g-opers on the formal disc D. In 
particular, Spec(3g eg ) carries a canonical G-torsor, denoted IPg whose fiber Vq at \ £ 
Spec(3g eg ) — Opj('D) is the hber of the G-torsor underlying the oper \ at the origin of the disc 
T>. The G-torsor Tq 3 gives rise to a morphism Spec(3g eg ) —> pt /G. We shall denote by 

the resulting tensor functor from Rep(G) to the category of locally free 3g eg -modules. 

We define D(Gr G )^ ke3 -mod as the fiber product category 

D(Gr G ) crit -mod x Spec(3g eg ), 

Pt /G 

in the terminology of IGal . 

Explicitly, D(Gr G )^ ke3 -mod has as objects the data of (T, ay, V V & Rep(G)), where 3 is 
an object of D(Gr G ) cr i t -mod, endowed with an action of the algebra 3g Cg by endomorphisms, 
and ay are isomorphisms of D-modules 


3*J V ~ V 3 ® 3, 

"2 re S 

J 9 

compatible with the action of 3 g 6g on both sides, and such that the following two conditions 
are satisfied: 

• For V being the trivial representations C, the morphism ay is the identity map. 

• For V, W £ Rep(G) and U := V ® W, the diagram 


(3*3 V )*3 W 
(V 3 ® 3)*3 W 

•2 r eg 

J a 


3*3 L r 


1U ® 3 

^reg 

J a 


idv* 

V 3 ® {3*3 W ) — 2 -» V 3 ® W 3 ® 3 

•jreg ^reg -^reg 

is commutative. 

Morphisms in this category between (3, ay) and (3', a' v ) are maps of D-modules </> : 3 —> 3' 
that are compatible with the actions of 3 g eg on both sides, and such that 

(idy 3 ®< 3 ) o ay = a' v o {<j> * idjy). 

1.2. Definition of the functor. Recall that according to Ena, the functor of global sections 

3 r(Gr G , T) 

defines an exact and faithful functor D(Gr G ) cr ;t -mod —» g cr it -mod reg . Let us recall, following 
[FH 2 l - the construction of the functor 

r Hecke3 :D(Gr G )“ 3 —> g cri t -mod reg • 

First, let us recall the following result of |BDI (combined with an observation of IFTT3I . 
Lemma 8.4.3): 
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Theorem 1.3. 

(1) For £F G D(Gr G ) cr it -mod and V G Rep(G) we have a functorial isomorphism 

Pv :F(Gr G ,T*T y )~F(Gr G ,T) ® V 3 . 

■^reg 

(2) For T, V as above and W G Rep(G), U := V ® W the diagram 

r(Gr G ,(T*3V)*3V) —^ F(Gr G , 3 * (3V * 3V)) 

Pw 


r(Gr G ,(T*T y )) ® W 3 

T f eg 

J a 


0v 


r(Gr G , T* T[/) 


/3u 


L(Gr G , T) 0 V 3 0 W 3 —^ r(Gr G , T) 0 U 3 

On On On 


zs commutative. 


Consider the scheme lsom 3 : Spec(3g eg x 3g 6S )- Let l| SO m 3 denote the unit section 

pt/G 

Spec(3g es ) —> lsom 3 . 

Let us denote by R 3 the direct image of the structure sheaf under Spec(3g 6g ) —> pt/G, 
viewed as an object of Rep(G). It carries an action of 3g eg by endomorphisms. Let 1R 3 be 
the associated (infinite-dimensional) vector bundle over Spec(3g eg ); by definition, we have a 
canonical isomorphism 

!R 3 ~ Fun(lsom 3 ). 

We will think of the projection p r : lsom 3 —> Spec(3g Sg ) as corresponding to the original 3g 6g - 
action on I? 3 , and hence on fk 3 , by the transport of structure. We will think of the other 
projection pi : lsom 3 —> Spec(3g eg ), as corresponding to the 3g eg -module structure on G 3 
coming from the fact that this is a vector bundle associated to a G-representation. 

We claim that for every object 3 H G D(Gr G )^®/ ke3 -mod, the g cr i t -module F(Gr G ,3 r ' ff ) 
carries a natural action of the algebra Fun(lsom 3 ) by endomorphisms. 

First, note that r(Gr G , 3 rH ) is a 3g eg -bimodule: we shall refer to the 3g eg -action coming from 
its action on any object of 0 C rit -mod reg as ’’right”, and to the one. coming from the 3g eg -action 
on J H as ” left”. 

On the one hand, we have: 

TT TT 

r(Gr G ,T ff ~ r(Gr G ,3 rff ) ® Fun(lsom 3 ), 


and on the other hand, 


F(Gr G ,T^ *3jj,) ~ Fun(lsom 3 ) ® F(Gr G , ) ® Fun(lsom 3 ). 
By composing we obtain the desired action map 


OiR ., °/ 3 d 

F(Gr G ,T) ® Fun(lsom 3 ) : —> Fun(lsom 3 ) ® r(Gr G ,SF ff ) 
r,y e eg ,i U r / E ,z 


^ T(Gt g ,J h ). 

The fact that it is associative follows from the second condition on ay and Theorem 02). 
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We define the functor r Heck ® 3 by 

J H ^T(Gi- g ,? h ) 0 3g eg - 

Fun(lsom 3 ),l * om3 

Since the functor T is exact, the functor r Heck ® 3 is evidently right-exact, and we will denote by 
LpHecke 3 jf-g derived functor D _ (D(Gr G )^it ke3 -mod) —> -D _ (g cr it-mod reg ) 

The following was established in IFG2I . Theorem 8.7.1: 

Theorem 1.4. The functor LT Heck ® 3 , restricted to .D b (D(Gr G )^.;t ke3 -mod), is fully faithful. 
In ITH21 we formulated the following 

Conjecture 1.5. The functor r Heck ® 3 is exact and defines an equivalence of categories 
D(GrG)fnt ke3 -mod and 0 cr it -mod reg . 

1.6. The statement of the main result. Recall that both categories D(GrG)^ k ° 3 -mod 
and 0crit -mod reg carry a natural action of the group G((f)) (see ITTTSl . Sect. 22, where this 
is discussed in detail). Let I C G[[f]] be the Iwahori subgroup, the preimage of the Borel 
subgroup B C Gin G[[t]] under the evaluation map G[[t]] —► G. Let 1° be the unipotent radical 
of /. Let us denote by D(GrG)„™ kC3 -mod 7 and g C rit-mod 7 eg the corresponding categories if 
/-equivariant objects. Since 1° is connected, these are full subcategories in D(GrQ)^ k ° 3 -mod 

^ tO 

and 0 C rit —mod reg , respectively. 

The functor r Heck ® 3 induces a functor D(Grc)^.®( :ke3 -mod 7 —> g crit -mod 7 eg . The goal of 
the present paper is to prove the following: 

Theorem 1.7. 

(1) For any T 77 £ D(Grc)^it kC3 -mod 7 we have LT Heck ® 3 (Grc, T 77 ) = 0 for all i > 0. 

(2) The functor 

pHecke 3 . D(Gr G )H® t ck e 3 - m0 d 7 —>■ 0 crit -mod 7 ° g 

is an equivalence of categories. 

This is a special case of Goniecture ll.51 

2. Corollaries of the main theorem 

We shall now discuss some applications of Theorem 11.71 Note that both sides of the equiva¬ 
lence stated in Theorem im are categories over the algebra 3 eT s - 

2.1. Specialization to a fixed central character. Let us fix a point \ £ Spec(3g Sg ), i.e., 
a character of 3g SS , and consider the subcategories on both sides of the equivalence of Theo¬ 
rem E32), corresponding to objects on which the center acts according to this character. Let 
us denote the resulting subcategory of g cr i t -mod rcg by g cr i t -mod y . The resulting subcategory 
of D(GrG)„;t ke3 -mod 7 can be described as follows. 

Let us denote by D(Gr G )H?c ke -mod the category, whose objects are the data of (T, ay), 
where T £ D(Gr G ) C rit -mod and ay are isomorphisms of D-modules defined for every V £ 
Rep (G) 

C 

where V_ denotes the vector space underlying the representation V. These isomorphisms must 
be compatible with tensor products of objects of Rep(G) in the same sense as in the definition 
of D(Gr G )f r ® t cke3 -mod. 
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Note that D(Gr G )Hf£ ke -mod carries a natural weak action of the algebraic group G: 1 Given 
an 5-point g of G and an 5-family of objects (5, ay) of D(Gr G )^|t ke -mod we obtain a new 
5-family by keeping 5 the same, but replacing ay by g ■ ay, where g acts naturally on V_® Os¬ 
in addition, D(Gr G )^fjr ke -mod carries a commuting Harish-Cliandra action of the group 
G((i)); in particular, the subcategory D(Gr G )^.®t ke -mod 7 makes sense. 

Let IPg be the fiber of the G-torsor CPg 3 at %. Tautologically we have: 

Lemma 2.2. 

(1) For every trivialization 7 : Tq x ~ CP^ there exists a canonical equivalence respecting the 
action of G((t)) 

(D(Gr G ) c H r ;f e3 -mod)^ ~ D(Gr G )^ r f t cke -mod, 
where the LHS denotes the fiber 0 /D(Gr G )|^ ke3 -mod at \- 

(2) If i = g • 7 for g G G, the above equivalence is modified by the self-functor of 
D(Gr G )CTit ke -mod, given by the action of g. 

Hence, from Theorem II.71 we obtain: 

Corollary 2.3. For every trivialization 7 : CP q ~ CP^, there exists a canonical equivalence 

flcrit -mod^° ~ D(Gr G )^ t cke -mod /0 . 


From Corollary 12.31 we obtain: 

Corollary 2.4. 

(1) For any two points XI 1 X 2 G Spec(3g eg ) and an isomorphism of G-torsors CPg ~ CPg x 2 
there exists a canonical equivalence 

_ jO ^ jO 

0 crit -mod Xi ~ g C rit -mod X2 . 

( 2 ) For every \ G Spec(3g° s ) ; the group of automorphisms of the G-torsor CPg acts on the 
category g cr it -mod x . 

More generally, let 5 be an affine scheme, and let \i,S and X 2 ,s be two 5-points of Spec(3g es ). 
Let g cr i t -mod sl and g cr it -mod iS2 be the corresponding base-changed categories. 

By definition, the objects of g cr j t -inodes are the objects of g cr it -mod reg , endowed with an 
action of Og compatible with the initial action of 3g eg on M via the homomorphism 3g° s —> 0 5 , 
corresponding to Xi,S- Morphisms in this category are g cr ; t -morphisms compatible with the 
action of Os- 

We obtain: 

Corollary 2.5. For every lift of the map 

(xi,s X X2,s) ■■ S - Spec(3g eg ) X Spec(3; eg ) 

to a map 5 —> lsorri 3 , there exists a canonical equivalence 

gcrit -mod s>1 ~ g C rit -mod S 2 . 


■^We refer the reader to IFH21 . Sect. 20.1, where this notion is introduced. 
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2.6. Description of irreducibles. Corolla, rv !2. 31 allows to describe explicitly the set of irre- 

^ 7-0 

ducible objects in 0 cr ;t -mod reg . For that we will need to recall some more notation related to 
the categories D(Gr G )^f£ ke -mod and D(Gr G )^ ke3 -mod. 

Consider the forgetful functor D(Gr G )Hft ke -mod —> D(Cr G ) cr i t -mod. It admits a left ad¬ 
joint, denoted Ind Hccke , which can be described as follows. 

Let R be the object of Rep(G) equal to 0 G under the left regular action; let Jr denote the 
corresponding object of D(Cr G ) cr it -mod G ^. Then for J £ D(Gr G ) cr it -mod, the convolution 
J*Jr is naturally an object of D(Gr G )^.j£ ke -mod, and it is easy to see that Ind Iiecke (3 : ') := J*Jr 
is the desired left adjoint. 

Similarly, the forgetful functor D(Gr G )^ ke3 -mod —> D(Gr G ) cr it -mod admits a left adjoint 
functor Ind Hcc ® 3 given by J >—> T* Jr 3 . The next assertion follows from the definitions: 

Lemma 2.7. 

(1) For J £ D(Gi*c;)crit —mod there exist canonical isomorphisms: 

r(Gr G ,Ind Hecke3 (T)) ~T(Gr,T) ® Fun(lsom 3 ), 

•2 re S 

where Fun(lsom 3 ) is a module over 3g eg via one of the projections lsom 3 —► Spec(3g° g )- 

(2) For J as above, 

r Hecke 3 ^ GrG; Ind Hecke 3 (gr)) _ r(Gr, <jy 

Let us now recall the description of irreducible objects of D(Gr G )^|£ ke -mod 7 , established 
in lABBGMl . Corollary 1.3.10. 

Recall that /-orbits on Gr G are parameterized by the set W a g/W , where W a g denotes 
the extended affine Weyl group. For an element w £ W a g let us denote by ICflj,Gr G the 
corresponding irreducible object of D(Gr G ) cr ; t -mod 7 . 

For an element w £ W, let X w £ W a g denote the unique dominant coweight satisfying: 

{ (a,, A) = 0 if w(cti) is positive, and 
(a,, A) = 1 if w(a t ) is negative, 

for i running over the set of vertices of the Dynkin diagram. 

It was shown in loc. cit. that the objects Ind Hecke (ICu,.A„) for w £ W are the irreducibles 
of D(Gr G )“-mod 7 °. 

Combining this with Lemma 12.71 and Corollary 12.31 we obtain: 

1 ° 

Theorem 2.8. Isomorphism classes of irreducible objects of g cr it -mod reg are parameterized by 
pairs (x G Spec(3 1 0 ° s ), w £ W). For each such pair the corresponding irreducible object is given 
by 

r(Gr G ,KV A J 9 C x . 

- 2 re S /V 

2.9. The algebroid action. Let isom 3 be the Lie algebroid of the groupoid lsom 3 . According 
to IBP (see also lFH2l . Sect. 7.4 for a review), we have a canonical action of isom 3 on U™f t (g) 
by outer derivations, where is the topological associative algebra corresponding to the 

category fl cr it, -mod reg and its tautological forgetful functor to vector spaces. 
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In more detail, there exists a topological associative algebra, denoted U len ' les (g c rit), and 
called the renormalized universal enveloping algebra at the critical level. It is endowed with a 
natural filtration, with the 0-th term I/ ren ’ res (g cr it)o being t/ reg (g C rit), and 

f/ ren ’ reg (0crit)l/«7 ren ’ reg (flcrit)o - £/ reS (0crit) § isOm 3 . 


The action of isorri 3 on U^Q) is given by the adjoint action of isom 3 , regarded as a subset 
Of C f/ ren - re g(S crit ) 1 /C/ r e„- r eg(5 crit ) 0 . 

Let S be an affine scheme, and let Xs be an S'-point of Spec(3g° s ). Let £s be a section of 
isom 3 |s- Set S' := S x Spec(C[e]/e 2 ); then the image of £s in T(Spec(3g 6g ))|s gives rise to an 
S"-point, denoted, Xg, of Spec(3g eg )- 

Let 0 C i-it -mods (resp., g cr it -mods') be the corresponding base-changed category, where the 
latter identifies with the category of discrete modules over (g) (g> Os (resp., f/^ g (g) (g> Os')- 

^reg nreg 

^0 J g 

Then the above action of isom 3 on g C rit -mod reg gives rise to the following construction: 

To every M G g cr it -mods we can functorially attach an extension 
(10) 0 -> JVC -> M' -> M -> 0, M' G flcrit -mods' • 

The module JVT is defined as follows. The above action of isom 3 by outer derivations of 
^crii(S) allows to lift £s to an isomorphism 

Os' - ^(0) ® 0 s[e]/e 2 . 


Ms) : U^(g) 

We set M' to be the C/™ g (g) ® 

3 l eg ,x S ' 


3g eS ’Xs' 3 r g°,XS 

Os'-module, corresponding via H(£s) to M[e]/e 2 . 


The isomorphism A(£g) is defined up to conjugation by an element of the form 1 + e • u, 

u G L^crit($) ® Os- Since this automorphism can be canonically lifted onto M[e]/e 2 , we 

3j eg ,xs 

obtain that M' is well-defined. 

By construction, the functor M i—> JVT respects the Harisli-Chandra G((f))-actions on the 
categories g cr it -mods and g cr it -mods ', respectively. 

Let us note now that a data (xs ■ S —> Spec(3g eg ),£s € i som 3 ls) as above can be regarded 


as a map S' 
are equal to 


lsom 3 , where first and second projections 

S' —> lsom 3 =4 Spec(3g eg ) 

S' Spec(3p eg ) and S' ^ Spec(3!, eg ), 


respectively. 

Hence, Corollary 12.51 gives rise to an equivalence 


^ i° 

g C rit -mod s 

and, in particular, to a functor 


e]/e 2 ~ g C rit-mods', 


^ j 0 ^ jO 

(11) gcrit -mods 0crit -mods' • 

Proposition 2.10. The functor 

g C rit -mods 0crit -mods' 

of mu, restricted to g cr it -mods > canonically isomorphic to the above functor CD- 
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Proof. The assertion follows from the fact that for T G D(Gr G ) cr i t -mod, the g C rit-action on 
r(Gr G ,fF) lifts canonically to an action of f7 ren ’ res (g C rit) (see |FG2j . Sect 7.4), so that for 
(S', Xs,£s) as above we have a canonical trivialization 

7 ? :r(Gr G ,T)'~r(Gr G ,T)[ e ]/e 2 , 

in the notation of G3- Moreover, this functorial isomorphism is compatible with that of 
Theorem 11.31 in the sense that for every V G Rep(G), the diagram 

T(Gr G , T* 9V)' T(Gr G ,T*T v )[ e ]/e 2 


0v 


/3v®id 


(r(Gr G ,T) ® v)' (r(Gr G ,T) 0 v)[e]/e 2 , 

3g 3 0 

commutes, where the bottom arrow comprises the isomorphism 7 ^ and the canonical action of 
on V 3 . The latter compatibility follows assertion (b) in Theorem 8.4.2 of IFG2I . 

□ 


2.11. Relation to semi-infinite cohomology. Let us consider the functor of semi-infinite 

^ rO 

cohomology on the category g cr ; t -mod reg : 

M ^ H? +9 (n((t% n[[t]],M ® 0 ) 

(see IFH 2 I . Sect. 18 for details concerning this functor). 

For an S-point \S of Spec(3g eg ) and M G g cr it-mods, each 7L^ +l (n((t)), n[[t]], M <g> ifo) is 
naturally an Os-module. 

Let now (xi,S)X 2 ,s) be a pair of S-points of Spec(3g eg ), equipped with a lift S —> Isomg, 

^ jO ^ jO 

and let Mi G g C rit -mod s i and M 2 G g C rit -mods 2 be two objects corresponding to each other 
under the equivalence of Gorollarv l2.5l 

Proposition 2.12. Under the above circumstances the Os-modules 

H^ +l (n((t)), n[[f]], Mi 0 4/o) and n[[f]], M 2 0 ^ 0 ) 

are canonically isomorphic. 


Proof. The assertion of the proposition can be tautologically translated as follows: 
The functor 


D(Gr G ) crit -mod 


flcrit -mod : 


reg 


g^ +i (n((t)).n[[t]],?0>L o ) ^ reg _ mod 


factors through a functor 

Hj +l : D(Gr G ) crit -mod -> Rcp(G), 

followed by the pull-back functor, corresponding to the morphism Spec(3g eg ) —> pt /G. More¬ 
over, for V G Rep(G) we have a functorial isomorphism 


(12) Rj +J (T*Ty) ~R| +l (T)0V, 

compatible with the isomorphism of Theorem ll.3f lb 


The sought-after functor H? +i has been essentially constructed in IFTT5I . Sect. 18.3. 
Namely, 

Horn d (V\Hj + \?)) :=&&$)),*\ Nm . t x ®*o), 
in the notation of loc. cit. The isomorphisms G3 follow from the definitions. 
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□ 

Finally, we would like to compare the isomorphisms of Proposition 12. 1 2l and Pronosition r2.1 01 
Let M be an object of g cr it -mod 7 eg ; let \S be an S-point of Spec(3g eg ) and a section of 

i som 3 Is- __ 

On the one hand, in Proposition 18.3.2 of lFH2l we have shown that there exists a canonical 
isomorphism: 

a M : H^ +l (n((t)),n[[t]},M' (g> ’Fo) ~ H^ +l (n((t)), n[[t]], M <g> ^o)[e]/e 2 , 
valid for any M G g cr it -mod reg . 

On the other hand, combining Proposition 12.1 01 and Proposition m~2i we obtain another 
isomorphism 

bjvt : iL^ +I (n((t)),n[[t]],M'® ^o) ~ H^ +l (n((t)), n[[t]], M <E> 'F 0 )[e]/e 2 . 

Unraveling the two constructions, we obtain the following: 

Lemma 2.13. The isomorphisms aiyt and b]yi coincide. 

3. Proof of the main theorem 

In Sect. mm we have constructed a functor 

r Hecke 3 . D(Gr G )^k 03 -mod 7 ° -> g C rit -mod 7 ° g . 

Now we wish to show that this functor is an equivalence of categories. This will prove Theo¬ 
rem rm 

We start by constructing in Sect. rm certain objects T;],, w G W, of the category 
D(Grc)^ r jj k ° 3 -mod 7 such that r Hecke3 (9^) ~ M u . >reg , the “standard modules” of the category 
Scrit -mod 7 eg . The main result of Sect. 13.ll Theorem 13.21 will be proved in Sect. Q] Next, in 
Sect,. 13.41 we prove part (1) of Theorem I I .71 that the functor r Heck ® 3 is exact. We then outline 
in Sect. im a general framework for proving that it is an equivalence. Using this framework, 
we prove Theorem rm modulo Theorem im 

In Sect. imri we explain what needs to be done in order to prove our stronger Coniecture ll.5l 
Finally, in Sects. 1X11)113.191 we give an alternative proof of part (1) of Theorem ll.71 

3.1. Standard modules. For an element w G W, let M m be the Verma module over g, 

Mm = Ind»“| ] (M u , (p) _ p ), 

where for a weight A we denote by M\ the Verma module over g with highest weight A. 

Let M^reg be the maximal quotient module that belongs to g C rit -mod reg , i.e., M m]reg = 

MU <S> 3g eg - In fact, it was shown in I1T12I . Corollary 13.3.2, that as modules over 3g, all 
3o 

are supported over a quotient algebra 3g llp , and are flat as 3g llp -modules. The subscheme 
Spec(3g es ) C Spec(3g) is contained in Spec(3g llp ), so the definition of M^eg does not neglect 
any lower cohomology. 

The main ingredient in the remaining steps of our proof of Theorem 11.71 is the following: 

Theorem 3.2. For each w G W there exists an object 9^ g D(GrG)^ ke3 -mod 7 , such that 
r Hec ke3 (Qrc, Tu;) is isomorphic to 
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The proof of this theorem will consist of an explicit construction of the objects 3 ^, which 
will be carried out in Sect. 01 

The proof of Theorem ll.7l will only use a part of the assertion of Theorem Id. 21 namely, that 
there exist objects 3^ g D(Gr G )^ ke3 -mod 7 , endowed with a surjection 

(13) r Hecke 3 (Gi'c, 9^) -» MlUireg . 

What we will actually use is the following corollary of this statement: 

Corollary 3.3. For every M £ g cri t~mod 7 eg there exists an object 7 H £ D(Gr G )^ ke3 -mod 7 
and a non-zero map T Hecke3 (Grg, T 77 ) —> JVC. 

Proof. By }FG2l . Lemma 7.8.1, for every object M £ g C rit ~niod 7 eg there exists w £ W and a 
non-zero map M-^reg —* M. 

□ 

3.4. Exactness. Let us recall from Sect. 12 .til the left adjoint functor Ind Hecke3 to the obvious 
forgetful functor D(Gr G )^) ke3 -mod —> D(Gr G ) cr i t -mod. 

It is clear that every object of D(Gr G )^ r ;j ke3 -mod can be covered by one of the form 
Ind Hec 63 (9"). From Lemma l2~7T ll we obtain that we can use bounded from above complexes, 
whose terms consist of objects of the form Ind Hccke3 (3”), in order to compute L r Hecke 3 . Thus, 
we obtain: 

Lemma 3.5. For T 77 £ D(Gr G )^) ke3 -mod, 

L i r Hecke 3 ( GrG; jff) ~ Torf un(lsom3) (r(Gr G , T 77 ), 3™ s )■ 

We shall call an object of D(Gr G )^ ke3 -mod finitely generated if it can be obtained as 
a quotient of an object of the form Ind Hec 63 (5F), where 3 is a finitely generated object of 
D(Gr G ) crit -mod. 

It is easy to see that an object T 77 £ D(Gr G )^“ ke3 -mod is finitely generated if and only if 

the functor Hoin , Heckei (T 77 , ■) commutes with direct sums. 

D (Gr G ) crit 3 -mod v 

We shall call an object of D(Gr G )^.j ( :ke3 -mod finitely presented , if it is isomorphic to 
coker(lnd Hecke3 (Ti) —► Ind Hecke3 (3 7 2 )), where 93,9^ are both finitely generated objects of 
D(Gr G ) cr it-mod. The following lemma is straightforward. 

Lemma 3.6. 

( 1 ) An object 3 rH £ D(Gr G )^ < ?( :kC3 -mod is finitely presented if and only if the functor 

Honi , Hecke -2 (T 77 , •) commutes with filtering direct limits. 

D(Gr G ) crit 3 —mod v ' J 

(2) Every object of D(Gr G )^j ( :kC3 -mod is isomorphic to a filtering direct limit of finitely pre¬ 
sented ones. 

The proof of the following proposition will be given in Sect. I3T31 

Proposition 3.7. For every finitely presented object o/D(Gr G )^ k ° 3 -mod, the corresponding 
object Lr Heck ® 3 (Gr G ,3 r77 ) £ -D _ (g cr it -mod reg ) belongs to D ft (g C iit -mod reg ). 

The crucial step in the proof of part (1) of Theorem 11.71 is the following: 

Proposition 3.8. If £ D(Gr G )^ ke3 -mod 7 is such that Lr Hecke 3 (Gr G , T -77 ) belongs to 
D b (Scmt -modreg ) 7 , then 


V F Hecke3 (Gr G , T 77 )) = 0 


i > 0. 
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Proof. Let JVC be the lowest cohomology of Lr Heck ® 3 (Gi'g, 3 rH ), which lives, say, in degree —k. 
By Corollary l.‘L 31 there exists another object Tf 1 £ D^rc)^* 63 -mod 7 and a non-zero map 
r Hecke 3 ( GrG;3 rH) ]y[_ Hence, we obtain a non-zero map in D (g cr it ^mod reg ) 

Lr Hecke 3 ( GrG; _> L r Hecke 3 (Gr C , & H ). 

But by Theorem o such map comes from a map Tf 1 [k] — > J H , which is impossible if 
k > 0. □ 

Proof of part (1) of Theorem o Combining Proposition ET7I and Proposition run we obtain 
that If r Hecke 3 (Grc, T 77 ) = 0 for any i > 0 and any £ D(Grc)^t ke3 -mod 7 , which is 
finitely presented. 

However, by Lemma m the functors 

T 77 i —> If r Hecke 3 (Grg, T 77 ) 

commute with direct limits, and our assertion follows from Lemma l3.tif 2 b □ 

3.9. Proof of the equivalence. Consider the following general categorical framework. Let 
G : Ci —> C 2 be an exact functor between abelian categories. Assume that for X , Y £ Ci the 
maps 

Horngj (X, Y) ->Home 2 (G(X),G(Y)) and Extg, (A", F) —> Extg 2 (G(X), G(F)) 
are isomorphisms. 

Lemma 3.10. If G admits a right adjoint functor F which is conservative, then G is an equiv¬ 
alence. 2 

Proof. The fully faithfulness assumption on G implies that the adjunction map induces an 
isomorphism between the composition FoG and the identity functor on Ci. We have to show 
that the second adjunction map is also an isomorphism. 

For X' £ C 2 let Y' and Z' be the kernel and cokernel, respectively, of the adjunction map 

G o F(X') X'. 

Being a right adjoint functor, F is left-exact, hence we obtain an exact sequence 

0 F(F') —> F o G o F(X') -> F(X'). 

But since F(X') —> F o G(F(X')) is an isomorphism, we obtain that F (Y') = 0. Since F is 
conservative, this implies that Y' = 0. 

Suppose that Z' ^ 0. Since F(Z') ^ 0, there exists an object Z £ Ci with a non-zero map 
G (Z) —> Z'. Consider the induced extension 

0 -> G o F(X') -> W -> G (Z) -4 0. 

Since G induces a bijection on Ext 1 , this extension can be obtained from an extension 

0 F(X') -> W -> Z -> 0 

in Ci. In other words, we obtain a map G (W) —> X', which does not factor through Go F(X') C 
X', which contradicts the (G, F) adjunction. 

□ 


2 


Recall that a functor F is called conservative if for any X/0 we have F(X) ^ 0. 
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Thus, in order to prove of part (2) of Theorem I I .71 it remains to show that the functor 
pHecke 3 . D(GrG )^ k ° 3 -mod 7 —*■ g cr it-mod^ eg admits a right adjoint. (The fact that it is 
conservative will then follow immediately from Corollary Id. 31 1 

Recall from |FC2j . Sect. 20.7, that the tautological functor D(Gr G )^ ke3 -mod 7 ■—> 
D(Gr G )^. d ke3 _m °d admits a right adjoint, given by Av/o. Hence, it suffices to prove the 
following: 

Proposition 3.11. The functor r Heck ® 3 : D(Grc)^t ke3 -mod —> g cr it-mod reg admits a right 
adjoint. 

Proof. First, we will show the following: 

Lemma 3.12. The functor T : D(Gr G ) cr it -mod —> g cr it -mod reg admits a right adjoint. 

Proof. We will prove that for any level k the functor F : D(Gr G )fc -mod —> g cr it -mod*, admits a 
right adjoint (see the Introduction for the definition of these categories). I.e., we have to prove 
the representability of the functor 

(14) J -a Hom ife - mod (r(Gr< 3 , S), M) 

for every given M £ Qk -mod. 

Consider the following general set-up. Let C be an abelian category, and let C° be a full (but 
not necessarily abelian) subcategory, such that the following holds: 

• C° is equivalent to a small category. 

• The cokernel of any surjection X" -» X' with X',X" £ C°, also belongs to C°. 

• 6 is closed under filtering direct limits. 

• For X £ C°, the functor Home (A, •) commutes with filtering direct limits. 

• Every object of C is isomorphic to a filtering direct limit of objects of C°. 

Then we claim that any contravariant left-exact functor F —> Vect, which maps direct sums 
to direct products (and, hence, direct limits to inverse limits, by the previous assumption), is 
representable. 

Indeed, given such F, consider the category of pairs (A',/), where A' £ 6 ° and / £ F(A). 
Morphisms between (A,/) and (A',/') are maps 0 : A —> A', such that = /■ By 

the first assumption on 6 °, this category is small. By the second assumption on C° and the 
left-exactness of F, this category is filtering. It is easy to see that the object 

lim A. 

(XJ) 

represents the functor F. 

We apply this lemma to 6 = D(Grc)fe-mod with C° being the subcategory of finitely- 
generated D-modules. We set F to be the functor 03), and the representability assertion 
follows. 

Note that we could have applied the above general principle to C = D(GrG)^.;t ke3 -mod and 
C° being the subcategory of finitely presented objects, and obtain the assertion of Proposi¬ 
tion 13.111 right away. 

□ 


Thus, for M, let T be the object of D(GrG) cr i t -mod that represents the functor 

Tx ha Homg crit _ modreg (T(Gr G , Si), M) 
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for a given M £ g C rit -mod reg . We claim that T is naturally an object of D(Gr G )^,;j ke3 -mod 
and that it represents the functor 

(15) 9? - Homgcrit _ modreg (r Hecke3 (Gr G , 3f), M). 

First, since the algebra 3g eg acts on M by endomorphisms, the object IF carries an action of 
3g 6S by functoriality. Let us now construct the morphisms ay. Evidently, it is sufficient to do 
so for V finite-dimensional. Let V* denote its dual. 

For a test object 33 £ D(Gr G ) cr ; t -mod we have: 

Hom D (Q rG ) crit _ mo d(3 r i, 3 r *3V) — HomD( GrG q crit _ mod (33 *33/*, 3"*) — 

- Hom gcrit -mod re g (rCGrc,?!*^*)^) ~ 

^ Homjj crit - modr e g (r(Gr c , Jr) ® V^, M) ~ Hom Scrit _ modreg (r(Gr G , Jr), V 3 ® M), 

^0 ^0 

where the last isomorphism takes place since V 3 is locally free. For the same reason, 
Hom D(Gro)crlt _ mod (Ji,V 3 J) -Hom Scrit _ modreg (r(Gr G , 33), V 3 < 8 > g M), 

Jg 

which implies that there exists a canonical isomorphism ay 

3W3V ~ V 3 ® J, 

^reg 

°g 

as required. That these isomorphisms are compatible with tensor products of objects of Rep(G) 
follows from Theorem 02). 

Finally, the fact that (3 r , ay), thus defined, represents the functor l115[) . follows from the 
construction. This completes the proof of Proposition Id. 1 II 

□ 

Thus, we obtain that the functor r Heck ® 3 admits a right adjoint functor. Moreover, this right 
adjoint functor is conservative by Corollarv ld.dl Therefore part (2) of Theorem 11.71 now follows 
from part (1), proved in Sect. Id.4l and Lemma lid. 101 modulo Proposition Id . 71 and Theorem Id. 21 
It remains to prove those two statements. Proposition ld.7l will be proved in the next subsection 
and Theorem Id.21 will be proved in Sect. El 

3.13. Proof of Proposition 13.71 Recall the category D(Gr G )^ ke -mod, introduced in 
Sect. 12 .(il Recall also that the G-torsor 7q 3 on Spec(3g CS ) is non-canonically trivial, and 
let us fix such a trivialization. This choice identifies the category D(Gr G )^.“ ke3 -mod with 
D(Gr G )^!£ ke -mod(E>3g es , he., with the category of objects of D(Gr G ))J?® ke -mod endowed with 
an action of 3 g eg by endomorphisms. 

Under this equivalence, the functor 3 r i-+ Ind Heck ® 3 (J) goes over to 

T *-> Ind Hecke ( J) ( 8 ) 3g eg - 

Note also that the trivialization of J Gi3 identifies lsom 3 with Spec(3g 6g ) x G x Spec(3g eg ), so 
that the map l| SO m 3 corresponds to A Spec ( 3 reg) x 1 q. For J as above, we have an identification 

r(Gr G , Ind Hecke3 (T)) ~ r(Gr G , J) ® O d ® 3 reg - 

Let 3 rH be a finitely presented object of D(Gr G )^ ke3 -mod equal to the cokernel of a map 
<3 : Ind Hecke (33) ® 3” s ->Ind Hecke (J 2 ) ® 3g 6g . 
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Recall that 3g eg is isomorphic to a polynomial algebra C[xi,..., x n ,...]. Since £F 1 was assumed 
finitely generated, a map as above has the form <j> m 0 idc[ Xm+ 1 ) x m+2 ,...], w h ere 4>m is a map 

Ind Hecke (9 r 1 ) 0 C[xi, x m ] -► Ind Hecke (T 2 ) 0 C[x 1 ; x m ] 

defined for some m. 

Hence, as a module over Fun(lsorri 3 ) ~ 30 6S 0 0 G 0 3g eg , 

(16) T(Cr G , 3 h ) ~ £ 0 C[x m +i,x m+2 ,...], 

where £ is some module over 3g es 0 0 G 0 C[xi, x m }. 

We can compute 

r(Gr G ,J ff ) 0 3 ™ g 

Fun(lsom3 ) 

in two steps, by first restricting to the preimage of the diagonal under 

Spec(3g eg ) x G x Spec(3g eg ) -» Spec(C[x m +i, x m+2 ,...]) x Spec(C[x m+ i, x TO+2 ,...]), 
and then by further restriction to Spec(C[xi, ...,x m ]) x Spec(C[x m +i, x m + 2 ,...]) sitting inside 
Spec(C[xi,x m ]) x G x Spec(C[xi,..., x m ]) x Spec(C[x m+ i, x m+2 ,...]). 

When we apply the first step to the module appearing in (IT5I . it is acyclic off cohomological 
degree 0. The second step has a cohomological amplitude bounded by m + dirn(G). 

Hence, 

Tor f un (' s om3)( r ( GrG ,^),3™g) =0 

for i > m + dim(G), which is what we had to show. 

This completes the proof of Proposition IT7I Therefore the proof of Theorem nn is now 
complete modulo Theorem 

3.14. A remark on the general case. Let us note that the proof of Theorem n~ 7 i presented 
above would enable us to prove the general Conjecture ^3] if we could show that the functor 

hoc : 0 cri t -modreg —»• D(Gr G ) crit -mod, 

right adjoint to the functor T : D(Gr G ) cr i t -mod —> g cr it mod reg is conservative. In other words, 
in order to prove Conjecture II.51 we need to know that for every M £ gcrit~mod reg there exists 
a critically twisted D-module 3" on Gr G with a non-zero map r(Gr G ,5F) —> M. This, in turn, 
can be reformulated as follows: 

Let Diff(Gr G ) cr it be the *-sheaf of critically twisted differential operators on Gr G . This is a 
pro-object of D(Gr G ) cr ;t -mod, defined by the property that 

Hom(Diff(Gr G ) crit ,T) ~ T(Gr G ,T) 

functorially in T £ D(Gr G ) cr i t -mod. 

Explicitly, let us write Gr G as ” lim” y, where y C Gr G are closed sub-schemes. For each 

such y, let Dist(y) cr jt £ D(Gr G ) cr i t -mod be the twisted D-module of distributions on y, i.e., 
the object IndQ^^Q'))^ mod ( 0 y), which means by definition that 

Hom D(GrG)cilt _ mod (KSfer'COy)-= Hom QCoh(GrG) (o y , j). 

Then 

Diff(Gr G ) cr it := ” lim” Dist(y) crit £ Pro(D(Gr G ) crit -mod). 

y 

Let r(Gr G , Diff(Gr G ) cr it) be the corresponding object of Pro(g C rit -mod reg ). 
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We obtain: 

Corollary 3.15. The following assertions are equivalent: 

(1) Conjecture 1 1. -51 holds. 

(2) The o&ject r(Gr< 3 ,Diff(Gi'G)crit) is a pro-projective generator o/g cr it-mod reg . 

(3) The functor on g cr it -mod reg 

M !-► Homj crit _ modreg (Gr G , Diff (Gr G ) crit , m) 

is conservative. 


3.16. Another proof of exactness. In this subsection we give shall present an alternative 
proof of part (1) of Theorem II.71 

According to Lemma f3.51 proving the exactness property stated in part (1) of Theorem 11.71 
is equivalent to proving that 

(17) Torf un(lsom3) (r(Gr G ,T ff ),3™ s ) =0 


for all i > 0 and fF 77 £ D(Gr G )^ ke3 -mod 1 . We will derive this from the following weaker 
statement: 


T 0 

Proposition 3.17. For every 5F £ D(Gr G ) cr i t -mod , the space of sections T(Gr G ,T) is flat 
as a 3g CS -module. 


Note that our general conjecture CE3 predicts that both CO and the assertion of Propo¬ 
sition 13171 should hold without the /°-equivariance assumption. However, at the moment we 
can neither prove the corresponding generalization of Proposition 13.171 nor derive (II71) from it. 

Let us first show how Proposition mu implies on the /°-equivariant category. 


Proposition 3.18. Every finitely generated object of D(Gr G )^ ke3 -mod 7 admits a finite 
filtration, whose subquotients are of the form 


(18) 


Ind Hecke3 m o 

t2 re S 


where L is a -module. 


Let us deduce ra from this proposition. 


Proof. It is enough to show that CGJ holds for finitely presented objects of the category 
D(Gr G )^ k ® 3 -mod 7 . By Proposition ^!. 181 we conclude that it is enough to consider objects 
of D(Gr G )^ ke3 -mod 7 of the form given by iTHl . 

We have: 

r(Gr G ,Ind Hecke 3 (T) « t) ® 3g 6S — T(Gr G , T) ® £, 

yf S Fun(lsom 3 ) 3" E 

and the assertion follows from Proposition 13.171 

□ 


Let us now prove Proposition 13.181 

Proof. Choosing a trivialization of 7 G 3 as in the previous subsection, we can identify 
D(Gr G )^ t cke3 -mod 7 ” with D(Gr G )“ -mod 7 ° ®3g eS - 
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Similarly to the case of D(Gr G )|^ ke3 -mod, we shall call an object of D(Grc)CTif ke -mod 
finitely generated if it is isomorphic to a quotient of some Ind Hccke (9 r ) for a finitely generated 
J G D(Gr G ) crit -mod. 

Let us recall from jABBGM] . Corollary 1.3.10(1), that every finitely generated object 
in D(Gr G )^|j ke -mod 7 has a finite length. Therefore, every finitely generated object of 
D(Gr G )^.jj ke -mod / ®3g eg admits a finite filtration, whose subquotients are quotients of 
modules of the form J H <g> 3g eg with G D(Gr G )^|£ ke -mod 7 being irreducible. However, 
every such quotient has the form 3 rH (x) £ for some 3g CS - m odule L. 

Moreover, as was mentioned in Sect. 12.til by jABBGM] . Corollary 1.3.10(2), every irreducible 
in D(Gr G )^|( :ke -mod 7 is of the form Ind Hecke (y) for some y G D(Gr G ) cr it -mod 7 . This implies 
the assertion of the proposition. 

□ 

3.19. Proof of Proposition f5TT7l We can assume that our object y G D(Gr G ) cr ; t -mod 7 is 
finitely generated, which automatically implies that it has a finite length. This reduces us to 
the case when J is irreducible. 

jO 

It is easy to see that any irreducible object of D(Gr G ) cr ;t -mod is equivariant also with 
respect to G m , which acts on G((f)), and hence on Gr G , by rescalings t h-> at. Moreover, the 
grading arising on its space of sections is bounded from above. (Our conventions are such that 
V cr it is negatively graded.) 

Recall now that the action of on a module of the form T(Gr G ,y) for an object 

T G D(Gr G )crit -mod canonically extends to an action of the renormalized algebra C/ ren ’ res (g C rit). 
Recall also that C/ ren,reg (5 C rit) contains a 3g eg sub-bimodule and a Lie subalgebra which 

is an extension 

(The resulting action of isorri 3 by outer derivations on £7^(5) is the one discussed in Sect. El) 
We will prove the following general assertion, which implies Proposition 13.17l 

Lemma 3.20. Let M be an object o/g cr it -mod reg , such that the action of (g) on it extends 
to an action o/£/ ren,reg (g cr a). Assume also that M is endowed with a grading, compatible with 
the one on /7 ren,res (0 C rit); given by rescalings t at. Finally, assume that the grading on M is 
bounded from above. Then M is flat as a 3g Cg -module. 

The proof is a variation of the argument used in (BD| . Sect. 6.2.2: 

Proof. We can identify 3g es with a polynomial algebra C[x i, ...,x n , ...]. Moreover, we can do 
so in a grading-preserving fashion, in which case each generator Xi will be homogeneous of a 
negative degree. 

It is enough to show that M is flat over each subalgebra C[xi, ...,x m ] C 3g eg - We will prove 
the following assertion: 

For every vector v G A m := Spec(C[xi,..., x m })> the C[xi, -module Jtf. is (non-canonically) 

isomorphic to its translate by means of v. 

Clearly, a module over C[xi, ...,x m } having this property is flat. To prove the above claim 
we proceed as follows. Choose a section £ of isorri 3 , which projects onto v under isorri 3 —> 
T(Spec(3g eg )), where we think of v as a constant vector field on 3g eg — Spec(C[xi, ...,x n , ...]). 
Let us further lift £ to an element £' of 
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Since the grading on the Xi’s is positive, we can choose to belong to the (completion of 
the) sum of strictly positive graded components of (J^(g)K 

Then the assumption that the grading on M is bounded from above, implies that exp(£') is 
a well-defined automorphism of M as a vector space. This automorphism covers the automor¬ 
phism exp(v) of C[a;i, and the latter is the same as the translation by v. 

□ 


4. Proof of Theorem Id .21 

In this section we construct the objects r S\ of the category D(Gr G )^ ke3 -mod 7 whose 
existence is stated in Theorem E21 

4.1. We first describe the analogues of these objects in the category D(Gr G )H?cke -mod 7 . 
These objects, which we will denote by 3 W , were studied in [ABBGMl under the name ’’baby 
co-Verma modules”. 


First, we consider the case w = wq. Recall that the Langlands dual group comes equipped 
with a standard Borel subgroup 13 C G; we shall denote by H the Cartan quotient of B. 

Let B~ C G be a Borel subgroup in the generic relative position with respect to B. The 
latter means that B fl B~ is a Cartan subgroup; we shall identify it with H by means of the 
projection 

B fl B~ B -» H. 

For A G A + let i x be the line of coinvariants (P A ) i y_, where V x denotes the standard 
irreducible G -representation of highest weight A with respect to B. 

The assignment A i—> £ x is an 11-torsor, and we obtain a collection of maps 


(19) 



satisfying the Pliicker relations, i.e., for any two dominant coweights A and p, the diagram 


( 20 ) 


commutes. 


yA (g, yA K . X .® K .\ (g, £A 

- A + /i 

y *+A __> ^a+a 


Let F1 g = G((t))/I be the affine flag variety. We have the category D(Fl G ) cr it -mod of 
right critically twisted D-modules on F1 G and the corresponding Iwahori equivariant category 
D(Fl G ) C rit -mod 7 . Given T G D(Gr G ) K -mod 7 and M G D(Fl G ) cr it -mod 7 , we can form their 
convolution, denoted by M * T, which is an object of D b (D(Fl G ) cr it -mod) 7 (see ITTT21 for 

details). 

For a dominant map A let j x t denote the ^-extension of the critically twisted D-module 
corresponding to the constant sheaf on the Iwahori orbit of the point t x G Fig. Let j x Grc * G 
D(Gr G ) C rit -mod 7 be j- x * *^i,Gr G i i n other words it is the ^-extension of the constant D-module 

on the Iwahori orbit of the point t x G Gr G - Note that for fi G A + we have a canonical map 

3A,Gr G ,* ^ + J A-f-A,Gr G ,* > 

obtained by identifying Jyp. with ICq^. 
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Consider the object of D(Gro)^!£ ke -mod equal to the direct sum 

:=.© Ind Hecke (j XiGrG> *)®r\ 

AeA+ 

For a dominant coweight fi we have an evident map 

(21) j/i,* * $w 0 -i• ft ® &w 0 - 

We obtain two maps 'J v , u * r Jy,i =i J Wo that correspond to the two circuits of the following 
non-commutative diagram: 

U^UyP o 

1 _ ” A 1 _ 

j /2,* ^Wo * ^ ® ^Wq 5 

where the left vertical arrow comes from the following map, defined for each A: 

.?A,Gr Gl * * 9 r * — J\,Gr G ,* * UyA * Ur -> ,?A+;i,GrG,* * 

Here we are using the object Ur of D(Gr<S’)crit -mod 6 ' introduced in Sect. EH so that 

Ind Hecke (U) ~ U*Ur. 

We set Uu , 0 to be the maximal quotient of U,^, which co-equalizes the resulting two maps 

<g> J Wo * UyA =4 Uu , 0 

for every /2 G A + . Note that the map 1211 ) gives rise to a map 

(22) jjx >t * 3 Wo —> P <8> Uu, 0 . 

By construction, has the following universal property: 

Let U ff be an object of D(Gr G ) cr ; t -mod 7 , endowed with a system of morphisms 

(23) 

compatible with the isomorphisms 

(24) J/i,* * J/v ,* — jp.+ji',* 

and 

Let <p : Ur —> U ff be a map, such that for every /is A the following diagram is commutative: 
Ur * Uy* —W 1 <8> i? ~ ld ^ 8 A F A (8) U ff —(8) U ff 


3'yp.'k3^R > jp,,Gra,* * ^R * jp,,**3'R " * J/2,* * ^ • 

Lemma 4.2. Under the above circumstances, there exists a unique map U u , 0 —> 3 rH , extending 
<f>, and which intertwines the maps <ED and E3> - 
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4.3. We shall now establish the equivalence between the present definition of r S WQ and the 
objects defined in [ABBGMl . 

For a weight z> G A consider the inductive system of objects of D(GrG) crit -mod, parameter¬ 
ized by pairs of elements A , ft G A + | A — fi = v, and whose terms are given by 

j\,Gi G ,* * ® i ~ X+il - 

The maps in this inductive system are defined whenever two pairs (A', f!) and (A, fi) are such 
that A' — A = p/ — fi =: fj G A + , and the corresponding map equals the composition 

j\,Gr a ,* * ^{VP-Y <8) t X+il — 1 " j\ t Gr a ,* * * if(V«)* *if(VA)» <S> £ ^ 

-JA + ,,Gr G ,^7 { V^Y®r X -^ +f <\ 

Let 3' w {v) G D(Grc)crit -mod be the direct limit of the above system. We endow J' Wo := 
© 3y„ 0 (i>) with the structure of an object of D^rc)^ 156 -m °d as in Sect. 3.2.1 of 1ABBGM] . 

iigA 

Proposition 4.4. There exists a natural isomorphism 

J w 0 -u)o • 

Proof. The map 3 Wo —> 7' Wn is constructed using Lemma, 14.21 and the corresponding property 
of J' Wo established in |ABBGM| . Corollary 3.2.3. 

To show that this map is an isomorphism, we construct a map in the opposite direction 
J' WQ —► T Wo (as mere objects of D(GrG) C rit -mod) as follows: 

For each A, fi G A + , we let j- x Grc ^ embed into j x Grc „ *©#© i~ x by means 

of 

T(ea). ® l* ^ T (v a). © Y! 1 ^ 5r, 

where the second arrow is given by 

if ~ PP 

It is straightforward to check that this gives rise to a well-defined map from the inductive 
system corresponding to T( Uo (£>), and that the above two maps ifu, 0 t?' are mutually inverse. 

□ 

Corollary 4.5. The maps (f22l) jp.,* ★ ifui 0 —» are isomorphisms. 

Proof. The assertion follows from the fact that the maps 

jp,* * K 0 0) -> ^ © 3^, 0 (v + A) 
are easily seen to be isomorphisms. 

□ 


Let us now define the objects 3q„ for other elements w G IP. We set 

In other words, if wq = w' ■ w, then 


W •— jw-Wo.\ * if Wo . 


if wq — jw' , * A if w . 

From Proposition l4.4l it follows that T w are D-modules, i.e., that no higher cohomologies appear. 
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4.6. Let us now define the sought-after objects 3^ of the category D(Gr G )^; g kC3 ~ m °d- 

Consider the G-torsor Tq 3 over Spec(3g eg )- Recall from Sect. II.II that we have a canonical 
isomorphism Spec(3g eg ) — Opg(D), under which Tg - goes over the canonical G-torsor Tq Qp 
on the space of opers (see |FC2) . Sect. 8.3, for details). Thus, we obtain a canonical reduction 
of Tq j to B that we will denote by Tg 3 • 

This R-reduction defines a B ~-reduction on In order to define a B~ -reduction, we 

need to specify for each A S A a line bundle, which we will denote by L A 0 , and for each A £ A + 
a surjective homomorphism 

..A ,3 . yA n A 

These line bundles should be equipped with isomorphisms £ A +^ ~ £ A 0 ® ££,„, and hence give 
rise to a iL-torsor on Spec(3g eg ), which we will denote by . In addition, the maps « A ’ 3 

should satisfy the Pliicker relations, as in (|20ll . Now observe that our R-reduction Tg 3 gives 
rise to a collection of compatible line subbundles £ A of V3. We then define £ A o as the dual of 
the line bundle L~ W °CV ^ _ (yA)*. 

It follows from the definition of opers (see |FC2I . Sect. 1) that the line bundle £ a q over 
Spec(3g Cg ) is canonically isomorphic to the trivial line bundle tensored with the one-dimensional 
vector space uji P ' w °^\ where oj x is the fiber of w® at the closed point x £T>. 

We define the object 3^ 0 £ D(Gr C ;)^.;( :ke3 -mod as a direct sum 


We define to be the quotient of 2^ by the same relations as those defining 3A 0 as a 
quotient of 3A 0 . 

If we choose a trivialization of the G-torsor Tq 3 in such a way that £ A 0 ~ 3g eg <8> £ A (such 
a trivialization exists), then under the equivalence 


D ( Gr G)^t ke3 ~ m od - D(Gr G )^ t cke -mod(g)30 es , 


the object 2g, 0 corresponds to 3A 0 . 

By construction, we have a system of maps 


(25) 


3/1 ,* * ^W[ 


— ^wo ® ^ 


which by Corollary 14.51 are in fact isomorphisms. 


For other elements w £W we define 

: = 3 


w- w 0 ,! * ’ 


4.7. Our present goal is to define the maps 

(26) </> w : r Hecke3 (Gr G , 2*) - M M , reg ® w < 2 **>. 

Since M„, !reg ~ jww 0 ,i *M WOireg , it is enough to define <f> w for w = wq. 

Let M be an object of g cr i t -mod reg . Assume that M is endowed with a system of maps 
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defined for every fi £ A + , compatible with the isomorphisms (1241) and L £ 0 ® L £, 0 ~ • 

3s 

Let 4> be a map V cr it —> M, such that for any fi £ A + the diagram 

« - . i( V 

r(Gr Gl J VA ) ® V cr it - 5 -< 

O -reg 

( 28 ) 1 

r(Gr G ,j A)Gro ,*) -» jfi, Gr c ,**V crit * 

is commutative. 

By the construction of 3^, , we have: 

Lemma 4.8. Under the above circumstances there exists a unique map 

r Hecke 3(Gr G ,j3 o )^M, 
which intertwines the maps (1251) and 1 171 . 

Thus, to construct the map as in (El for w = wq we need to verify that the module 
M := M WOire g <g) uj^ p ’ p ' > possesses the required structures. 

First, the map 

V cr it -> M^^eg ® 

was constructed in 1FG2( . Sect. 7.2. 

4.9. To construct the data of El we need to recall some material from IFG2I . Sect. 13.4. 
According to loc. cit. there exists some Lf-torsor {A i—> £/* } on Spec(3g eg ) and a system of 
isomorphisms 

j p. * A Mrc 0) reg — ^ wn V M U i 0; reg- 
I fi re S 

Thus, to construct the map (/> Wo , we need to prove the following assertion: 

Lemma 4.10. There exists an isomorphism of H-torsors 

r£ ~ f/** 

VJO — W 0 

which makes the diagram (1281) commutative for M := M u , 0jre g <8> u>^ 2p ’ p ' > . 

Below we will prove this assertion by a rather explicit calculation. In a future publication, 
we will discuss a more conceptual approach. The crucial step is the following statement: 

Lemma 4.11. The composition 

r(Gr G ,3V)i) —> * Vcrit ^ jp.,* * M^o.reg ® 0J^ P ' P ' > 

is non-zero. 

This proposition will be proved in Sect. nn Let us assume it and construct the required 
isomorphism L^, o ~ . 

Proof of Lemma \4-10\ Recall from IFG2| . Corollary 13.4.2, that there exists an isomorphism, 
defined up to a scalar, ~ £/& , compatible with the action of Aut(D). 3 We will show that 
any choice of such isomorphism makes the diagram E3 commutative, up to a non-zero scalar. 


V5 <g> M -?—> Lh g M 

O -j reg u -2 reg 

Oa O 0 


idj- * -k(p 

jp,,* * ^crit * jp ,* * 3VC 


^Choosing a coordinate t on D, we obtain a subgroup G m C Aut(D) of rescalings t i—> at. 
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Thus, we are dealing with two non-zero maps 

ireg ° 

J 9 

Recall from IFG2I . Sect. 17.2, that there exists an isomorphism 

3 r ; s ^ Hom Scrlt (V crit , ® w<"> 2 «), 

compatible with the above G m -action. Thus, we are reduced to showing that the space grading¬ 
preserving maps of 3g CS -iRodules 

-f w </>.™o(A)) g 3«8 

is 1-dimensional. 

However, V(j admits a canonical filtration, whose subquotients are isomorphic to uii P,p ^ <S>3g eS 5 
where p! runs through the set weights of V p with multiplicities. For all p! ^ wq(p), we have 
(p, p!) > (p, wo(p)). Since the algebra 3g SS is non-positively graded, the above inequality implies 
that the space of grading-preserving maps 

W< Plp,> ® 3g 6g ->■ ui P ’ W0 ^ ® 3 r / g 

is zero for p! ^ u>o{p), and 1-dimensional for p! = wo(p). □ 

4.12. Proof of Lemma 14.111 It is clear that if p = pi + p. 2 , with pi,p ,2 £ A + , and the 
assertion of the proposition holds for p, then it also holds for pi. Hence it is sufficient to 
consider the case of p that are regular. 

To prove the proposition we will use the semi-infinite cohomology functor, denoted by 
H (n((f)), n[[t]], ? <g> To), as in iFG2| . Sect. 18. We will show that the composition 

#^(n((i)),n[[t]],r(Gr G ,3VA) ® T 0 ) -> H^(n((t)),n[[t]],T(Gi G Jp,Gi ai *)®Vo) 

-* (n((f)), n[[t]], M^^eg ® w£ 2p ’ P> ® T 0 ) 

is non-zero (and, in fact, a surjection). 

First, note that by |FG2) . Sect. 18.3, the first arrow, i.e., 

tf^(n((t)),n[[f]],r(Gr G ,3VA) ® T 0 ) -»■ (n((f)), n[[t]], T(Gr G , j A , G r G ,*) ® ^o) 

is an isomorphism. Hence, it remains to analyze the second arrow. By |FG2| . Proposition 
18.1.1, this is equivalent to analyzing the arrow 

(n~ ((f)), tn~ [[t]],j Wo .p,* * r(Gr G , j A , G r G ,*) ® T_p) -> 

H^(n~({t)),tn-[[t]]J W0 .p^*M W0!ieg ^^ 2p ^ ® T_p). 

We claim that the corresponding map 

(29) jwo-p,* * r(Gr G , jjyGrc,*) — jwo-p,* * * 3^ cr it * jwo-Pi* * Jp,* * ® PP ^ 

is surjective for p regular. This would imply our claim, since the semi-infinite cohomology 
functor H^(n~((t)),tn~[[t]],? ® T_p) is exact by Theorem 18.3.1 of | FG2 |. 
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Note that j Wo -p,* * jp,* — j Wo (/i) .* * j Wo -p,*- Recall from |FG2I . Sect. 17.2, that we have a 
commutative diagram 


idj - * ~k(p ley 

jwo-p,* * V C rit * jwo-p,* * -^it;o,reg 0 Wx ^ ^ 


r(Gr Gi jw 0 -p,* *^l,gr G ) 


Il.reg <E> Oji P ’ P \ 


where the bottom arrow has the property that its cokernel, which we denote by N, is partially 
integrable , i.e., it is admits a filtration with every subquotient integrable with respect to a 
sub-minimal parahoric Lie subalgebra corresponding to some vertex i of the Dynkin diagram. 
Thus, the map in can be written as 

jw 0 (p.),* * ( jwo p ,* *^crit) * jw 0 (p.),* * (Ml,reg ® 

and since the functor j w0 (^),**? is right-exact, it suffices to show that j Wo (p ,) t * is supported 

in strictly negative cohomological degrees. In fact, we claim that this is true for any partially 
integrable /-integrable 0 cr it-module and regular dominant coweight fi. 


Indeed, by devissage we may assume that N is integrable with respect to a sub-minimal 
parahoric corresponding to some vertex i of the Dynkin diagram. Then j Ssj * * Ji lives in the 

cohomological degree —1. But since p is regular, j Wo (/ 1 ),* * j St) i — and hence, 

jw 0 (fl),* * 'N — jw 0 (p.)-s t ,* * (jst,* * 

and our assertion follows from the fact that the functor of convolution with j Wo (p,). s ,,* is right- 
exact. □ 


4.13. Proof of Corollary 13.31 and completion of the proof of Theorem n~7i Thus, we 
have proved Lemma ^4 H and therefore Lemma T4.1 (11 By Lemma B~%l this implies that we have 
a canonical map 

<t>w 0 : r Hecke3 (Gr G , S*,) _> Mw , reg ® 

According to the remark after formula we then obtain maps 

K : r Hecke3 (Gr c , J3) M w , reg ® 

for all w £ W (as in formula @)- 
Proposition 4.14. The map 

<h. ■ T Hecke3 (Gr G , ) - M ljreg ® 

is surjective. 

Since the functors j W)St are right-exact, this proposition implies that the same surjectivity 
assertion holds for all w £ W. Hence, Proposition 14. 1 41 implies Corollary 13.31 and Theorem II .71 

Proof of Proposition \4-lfl For A, such that A — p is dominant and regular, let us consider the 
map 
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and the resulting map 

j wo - A,* * Vcrit ® - r Hecke3 (Gr c , 2{) ^ M lireg ® w< 2 *«. 

i l re S 

J 0 

By construction, this map is obtained by applying the functor j WQ .\ **? to the map 

V crit ^M„ 0 , reg ®o;< 2p ’ p \ 

and it coincides with the map from 1291) for p, = A — p. Hence, it is surjective by Sect. 19.121 □ 

4.15. Completion of the proof of Theorem 13.21 Thus, the proof of Theorem P is com¬ 
plete. Let us now finish the proof of the fact that the morphisms <p w are actually isomorphisms 
and hence complete our proof of Theorem Id.21 Clearly, it is enough to do so for just one element 
of W. We shall give two proofs. 

Proof 1. This argument will rely on Theorem ll .71 We will analyze the map (f> Wo . By lABBOAli . 
Proposition 3.2.5, the canonical map Jr —> J Wo identifies Ind Hecke (<5i iGrG ) with the co-socle 
of J Wo . Hence r Heck ® 3 (Gr G , ) does not have sub-objects whose intersection with V cr jt = 

r Hecke 3 ( GrGji?3 ) is zei0 

Therefore, to prove the injectivity of the map <j> WQ , it is enough to show that the composition 

¥ crit ^ r Hecke3 (Cr G , R 3 ) - r Hecke 3 (Gr G , M,„ 0ireg ® u;< 2p - p > 

is injective. However, the latter map is, by construction, the map V crit -»• M^ o reg ® w£ 2p ’ p> of 
IFTT2I . Sect. 17.2, which was injective by definition. 

Proof 2. This argument will be independent of Theorem ll. 71 (21. We will analyze the map <pi. 
We have a canonical map 

IC^Q.pjGr ® * jw 0 -p*JR-$ ® C W g > j 

7 re S / "2 re S 

^0 ^0 

and by IABBGM] , Propositions 3.2.6 and 3.2.10, its cokernel is partially integrable. 

The composition 

r(Gr G ,KVp, Gr ) ® L~ p ~r Hecke3 (Gr G ,IC W0 .^ Gr *TK 3 ® ~ r Heck ® 3 (Gr G , S?) 

3 reg t2 r ®S 

0 

-> M ljreg ® u< 2 ^> 

’ 6 ^reg x 

comes from the map 

r(Gr G , IC Wo . AGr ) - M lireg ® u;< p ’ p >, 

3s 

of IFG2I . Sect. 17.3, which is injective by loc.cit. 

Hence, the kernel of the map <fi\ is partially integrable. But we claim that r Heck ® 3 (Gr G , jf) 
admits no partially integrable submodules. 

Indeed, suppose that N is a submodule of r Heck ® 3 (Gr G , Ilf), integrable with respect to a 
sub-minimal parahoric, corresponding to a vertex % of the Dynkin diagram. Since the functor 
is invertible on the derived category, we would obtain a non-zero map: 

j 8l ,„ *:n - Lr“ 3 (Gr G , j gl) * * j{). 

But the LHS is supported in the cohomological degrees < 0, and the RHS is acyclic away 
from cohomological degree 0. 4 This is a contradiction. 


^Here we are relying on part (1) of Theorem rm which was proved independently. 
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This completes the proof of Theorem E2 

5. Appendix: an equivalence at the negative level 

5.1. Let k be a negative level, i.e., k = k ■ K can with k + h w £ Q-°. 

Let F1 G be the enhanced affine flag scheme, i.e, G((t))//°, and let D(Fl G ) K -mod be the 
corresponding category of twisted D-moclules. 

Note that F1 G is acted on by the group 1/1° ~ H by right multiplication. Let us denote by 
D(F1 G ) K -mod 77 ’ 1 " the corresponding category of weakly H-equivariant objects of D(F1 G ) K -mod 
(see IFH2I . Sect. 20.2). _ 

For an object T G D(F1 G ) K -mod 77 ’™, consider T(F1 G , £F) G -mod. The weak H-equi variant 
structure on T endows T(F1 G , T) with a commuting action of H. We let 

V H : D(Fl G ) K -mod ff - ,B -^fl K -mod 

to be the composition of r(Fl G , •)> followed by the functor of IL-invariants. 

Recall from IFG2I . Sect. 20.4, that every object of D(F1 G ) K -mod 77 ’™ carries a canonical 
action of Sym([)) by endomorphism, denoted aK 
For A G f)* let 

D(Fl G ) K -mod H ’ A C D(Fl G ) K -mod ff ’ u '- A 

be the full subcategories of D(F1 G ) K -mod 77 ’™, corresponding to the condition that af[h) = A (h) 
for /iG f) in the former case, and that cfi(h) — A (h) acts locally nilpotently in the latter. Since 
the group H is connected, both of these categories are full subcategories in D(Fl G ) K -mod. 

We let Z?(D(F1 g ) k -mod) 77 ’™ ,A C D(D(F1 G ) K -mod) be the full subcategory consisting of 
complexes, whose cohomologies belong to D(F1 G ) K -mod 77 ’™’ 7 ". It is easy to see that the functor 
V H , restricted to D(F1 G ) K -mod 77, ™’ A , extends to a functor 

RT h : D+( D(Fl G ) K -mod) H ’” , ’ A - D+(q k - mod). 

Assume now that A satisfies the following conditions: 

( (A + p,ce) ^ Z-° for a G A + 

1 ±(A + p, a) + 2n fc+ /* V , 4 Z-° for a G A + and n G Z >0 . 

V. ' ^can W,0!j 

Following (RDj . Sect. 7.15, we will prove: 

Theorem 5.2. 

(1) For T G D(F1 g ) k -mod 77 ’™’ A the higher cohomologies R 1 F ff (F1 G , 5F), i > 0, vanish. 

(2) The resulting functor RT h : D 6 (D(F1 G ) K -mod) 77 ’™’ 7 * —> D b (g K -mod) is fully-faithful. 

5.3. Let D(Fl G ) K -mod 7 ,77 ’™’ A c D(F1 G ) K -mod) 77 ’™’ 71 be the full subcategory, consisting of 
twisted D-modules, equivariant with respect to the /°-action on the left. Our present goal is to 
describe its image under the above functor T. 

Consider the category O a ff := g K -mod . This is a version of the category 0 for the affine 
Lie algebra g K . Its standard (resp., co-standard, irreducible) objects are numbered by weights 
H G 1}*, and will be denoted by (resp., , L KjM ). Since n was assumed to be negative, 
every finitely generated object of O a ff has finite length. 

The extended affine Weyl group W a s :=WkA acts on f)*, with w G W C W a ff acting as 

w ■ fi = w(n + p) - p, 





32 


EDWARD FRENKEL AND DENNIS GAITSGORY 


and Ag Ac W a g by the translation by means of (k — K C rit)(A, •)£()*■ 

For a Waff-orbit v in b* let (O a ff)^ be the full-subcategory of O a ff, consisting objects that 
admit a filtration, such that all subquotients are isomorphic to L Ki a with A £ v. 

The following assertion is known as the linkage principle (see H2EKI): 

Proposition 5.4. The category O a ff is the direct sum over the orbits v of 

(O a ff)u- 

For A as in Theorem IQ let v(X) be the Waff-orbit of A. (Note that by 
stabilizer of A in W a g is trivial.) 

We shall prove the following: 5 

Theorem 5.5. The functor T H defines an equivalence 

D(F1g)k -mod) / °’ ff ’ u ' ,A - (O a ff). (A) . 

5.6. Proofs. To prove point (1) of Theorem 15.21 it suffices to show that R' r^(Fl G , T) = 0 
for £F £ D(F1 G ) K -mod H,A and i > 0. However, this follows immediately from iRDI . Theorem 

15.7.6. 

To prove point (2) of Theorem 15.21 and Theorem 15.51 we shall rely on the following explicit 
computation, performed in EH: 

For an element w £ W a g let js,*,A £ D(F1 G ) K -mod 7 ,H ’ X (resp., jw,'.,\) be the *-extension 
(resp, i-extension) of the unique 7°-equivariant irreducible twisted D-module on the preimage 
of the corresponding /°-orbit in Fig. We have: 

Theorem 5.7. We have: 

r(Fl G ,Jffi,»,A) - and F(F1 G , ^ 

Let us now proceed with the proof of Theorem 15.21 2'). Clearly, it is enough to show that for 
two finitely generated objects T, 9q £ D(F1 G ) K -mod H ' A the map 

RH °m D (D(Fi G )« -mod)*.* J i) R Hom D(3crit _mod) (T H (F1 g , T), T h (F1 g , T)) 

is an isomorphism. 

By adjunction (see |FG2I . Sect. 22.1), the latter is equivalent to the map 

RHom D p(p lG ^_ mod y jA (ji,!,a, r 5 p *Ti) —> 

- R Hom flficrlt _ mod) r, X (r H (F1 G , n ,,A), R r H (F1 G , * 3d)) 

being an isomorphism, where 3 rop £ D(G((t))/K) -mod /,A is the dual D-module, where K is a 
sufficiently small open-compact subgroup of G [[£]]. 

Using the stratification of F1 G by /-orbits, we can replace J op * by its Cousin complex. 
In other words, it is sufficient to show that 

R Hom^^j-j^p^^ —mod) 1 (/!,!,A> -TulA,*) ^ R R^ m D(g cr i t -mod) 1 (^ (F1 G , Ji,!,a) . T (F1 G , J{ij,A,*)) 

is an isomorphism, for all ui such that jg, t a,* is (/, A)-equivariant. 

Note that the LHS is 0 unless w = 0, and is isomorphic to C in the latter case. Hence, taking 
into account Theorem 1571 it remains to prove the following: 

' r> This theorem is not due to the authors of the present paper. The proof that we present is a combination of 
arguments from IBP . Sect. 7.15, and :KT . 


the subcategories 
assumption, the 
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Lemma 5.8. 

(1) RHom D (j crit — mod) = 0 for A ^ p € f)* but such that e g crit -mod J,A is 
(/, A )-equivariant. 

(2) The map C —> RHom D Q crit _ mod )i,i(Af K ^, is an isomorphism. 

Proof. For any M £ g C rit -mod 7 ’ A , 

RHom fl g crlt _ mod )i,i , M) ~ RHom/_ mod (C, M <g> C _A ). 

Since is co-free with respect to 1°, we obtain 

RHom/_ mod (C, M ^ ® C" A ) ~ RHom ff _ mod (C, C" ® C" A ), 

implying the first assertion of the lemma. 

Similarly, 

RHom D (g crlt - mo dy(M Kt x,M^ x ) ~ RHorn/_ mod (C, M ^ x ) ~ RHorn ff _ mod (C, C) ~ C, 
implying the second assertion. 

□ 

Finally, let us prove Theorem 15.51 Taking into account Theorem 15.21 and using Lemmas 
rrm and mu it remains to show that for every M £ (O a ff)i;(A) there exists an object T £ 
D(Fl(r)-mod / ' H ’ W ’ X with non-zero map 

r ff (Fl G ,T) -4M. 

It is clear that for every M £ (O a ff)„(A) there exists a Verma module M K ^ £ (O a ff) l ,( A j with 
a non-zero map M K )J —> M. Hence, the required property follows from Theorem 15.71 
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